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ABSTRACT
Current helioseismology observations allow the determination of the frequencies and surface velocity
amplitudes of solar acoustic modes with exceptionally high precision. In some cases, the frequency
accuracy is better than one part in a million. We show that there is a distinct possibility that the
quadrupole acoustic modes of low order could be excited by gravitational waves (GWs), if the GWs
have a strain amplitude in the range 10−20h−20 with h−20 ∼ 1 or h−20 ∼ 10
3, as predicted by several
types of GW sources, such as galactic ultracompact binaries or extreme mass ratio inspirals and
coalescence of black holes. If the damping rate at low order is 10−3ηN µHz, with ηN ∼ 10
−3 – 1, as
inferred from the theory of stellar pulsations, then GW radiation will lead to a maximum rms surface
velocity amplitude of quadrupole modes of the order of h−20η
−1
N ∼ 10
−9 – 10−3 cm s−1, on the verge
of what is currently detectable via helioseismology. The frequency and sensitivity range probed by
helioseismological acoustic modes overlap with, and complement, the capabilities of eLISA for the
brightest resolved ultracompact galactic binaries.
Subject headings: cosmology: miscellaneous – gravitational waves – instrumentation: detectors – stars:
black holes – stars: oscillations (including pulsations) – Sun: helioseismology
1. INTRODUCTION
The rapid development of gravitational wave (GW)
detection by either resonant mass detectors or ground-
based and space interferometers give us hope that GW
observations will very soon become a reality. If such a
goal were to be achieved, a new window will open toward
understanding the formation of many compact structures
in the universe, most of which are still poorly understood,
such as black holes and neutron star binaries (e.g., Gair
et al. 2013; Sathyaprakash & Schutz 2009). Nevertheless,
even if the detection of GW radiation can be achieved
by these modern experiments, the goal will only be at-
tained if the GW signal can be successfully separated
from the background ”noise”. Therefore, any prior infor-
mation of incoming GW events (e.g., Abbott et al. 2009;
Sathyaprakash & Schutz 2009) for the GW experimental
research community is of great interest.
In this paper, we discuss an alternative method to
probing for direct GW radiation. The Sun, as is the case
for many other stars, is a natural massive GW detec-
tor with an isotropic sensitivity to GWs, able to absorb
GWs from any direction of the sky. In recent years, this
possibility of using stars as GW detectors has become
very appealing, as current helioseismology and astero-
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seismology observations allow the determination of the
frequency and the velocity amplitude of many modes of
vibrations with exceptional accuracy.
In the Sun, the acoustic modes have been continuously
observed by the SOHO mission since 1996 (Turck-Chieze
& Lopes 2012) and some of the low degree modes are
measured with a precision of one part per million. The
COROT (Michel et al. 2008) and Kepler (Chaplin et al.
2011) missions have discovered more than 500 pulsat-
ing stars, most of which are in the main sequence and
sub giant phase, and some of these stars have been ob-
served for priors of several months in the last 4 years (e.g.,
Chaplin & Miglio 2013). Like for the Sun the damping
and excitation of the oscillation modes in these stars is
attributed to turbulent convection in their upper layers.
The continuous monitoring of pulsating modes in the Sun
and many stars of different masses and sizes give us the
possibility of surveying the local universe for GW radia-
tion, either by probing for a stochastic background, or for
rare events or for periodic signals (e.g., Sathyaprakash &
Schutz 2009). Among other possible GW sources emit-
ting in the frequency range of solar acoustic oscillations
(0.2 mHz 6 ν 6 5mHz), there are the occasional GW
events occurring during the coalescence of massive black
hole binaries and neutron star binaries (Lynden-Bell &
Rees 1971), extreme mass ratio inspirals (Gair & Porter
2012), and the periodic GW signal of AM CVn stellar
systems (Nelemans et al. 2004; Roelofs et al. 2007; Yu &
Jeffery 2010). The strain amplitude of these GW events
is in the range of 10−17 – 10−24 (e.g., Sathyaprakash &
Schutz 2009; Moore et al. 2014).
Preliminary studies of the impact of incoming GW ra-
diation on massive bodies, such as the Earth, Moon,
planets and stars were previously presented by several
authors (e.g., Dyson 1969; Zimmerman & Hellings 1980;
Boughn & Kuhn 1984; Khosroshahi & Sobouti 1997).
Boughn & Kuhn (1984) were the first to compute the
2impact of GW on solar gravity and acoustic modes, for
which they also put upper-limits on the stochastic gravi-
tational background from the observed solar oscillations.
More recently Siegel & Roth (2011) use an hydrodynam-
ical model to re-evaluate the excitation of solar oscil-
lations by GWs (Siegel & Roth 2010). Equally they
have updated the previous stochastic gravitational back-
ground limits (Siegel & Roth 2014). A complementary
approach was performed recently (McKernan et al. 2014)
in which the authors estimated that gravitational radia-
tion that is absorbed by stars near black holes, and dis-
cuss how the absorption by the Sun of GWs from Galac-
tic white dwarf binaries could be observed by a second
generation of gravitational wave detectors.
Here, we show that GWs with a strain spectral am-
plitude of 10−20h−20 with h−20
>
∼ 1 can lead to the ex-
citation of low order quadrupole acoustic modes in the
Sun, for which the rms surface velocity amplitudes could
be as large as ∼ h−20 cm s
−1. These results use theo-
retical predictions of damping rates of acoustic modes
consistent with current solar observations at high fre-
quencies. Moreover, we discuss the strategy to search for
GW events in stellar oscillations. Our theoretical model
closely follows the GW model of resonant mass detectors.
This approach facilitates the use of our work by the GW
experimental community.
2. GRAVITATIONAL WAVES AND STELLAR
OSCILLATIONS
In the presence of GWs, stars behave like resonant-
mass spherical detectors. Accordingly, the oscillations
of a star equally excited by convection and GWs can
be accurately represented by the simplified wave equa-
tion (e.g., Chaplin et al. 2005; Samadi & Goupil 2001;
Lopes 2001; Cox 1980):
∂2ξ
∂t2
+ 2ηN
∂ξ
∂t
+ Lξ =
1
ρ
Fconv + Fgw (1)
for the displacement ξ(r, t) of a forced oscillation corre-
sponding to a mode N. In this equation, all the terms
homogeneous in ξ have been put on the left-hand side,
and the fluctuating terms arising from stochastic excita-
tion by turbulent convection Fconv or by GW perturba-
tions Fgw are on the right-hand side. ωN corresponds
to the frequency of the mode N and ρ is the density of
the star in equilibrium6. Although to compute the exci-
tation, damping and propagation of acoustic and gravity
waves inside stars it is necessary to resolve the full set of
hydrodynamic equations, in the Sun and identical stars,
the acoustic modes of oscillation are well represented by
the linearised pulsation dynamics as described by the
wave equation (1). This equation has been very suc-
cessful for explaining the solar and stellar observational
data (Chaplin et al. 2005).
The pulsation variations of the fluid caused by mo-
mentum and heat are included in the damping rate ηN
and the linear spatial differential operator L (Unno et al.
6 N ≡ nlm, where n, l and m are the order, degree, and
azimuthal order of the mode. In particular ,n is a positive integer
that relates with the number of nodes of ξr(r). As usual for modes
with fixed l, n = 0 is called the f-mode and n > 1 are the pn
modes. See Unno et al. (1989) for details. In the remainder of the
paper, if not stated otherwise, N ≡ n2m, where m can be any
integer such that |m| 6 2.
1989). Moreover, these quantities are chosen in such
a way that both the frequency ωN and eigenfunctions
ξN(r) of the homogeneous equation
LξN = ω
2
N ξN (2)
are real. The set of eigenfunctions ξN can be shown to
be orthogonal and form a complete set (e.g., Aizenman
& Smeyers 1977). In particular ξN has two eigenfunction
components ξr,N(r) and ξh,N(r), the radial and horizontal
surface displacements.
As already stated, we include as a source of excita-
tion those fluctuations arising from turbulent convection
Fconv(r, t) which have been widely reported in the liter-
ature (Goldreich & Keeley 1977; Goldreich et al. 1994;
Belkacem et al. 2008, e.g.,), and Fgw(r, t) is the driving
force related to GW fluctuations of the spacetime con-
tinuum7 where the star is located (Misner et al. 1973).
Fgw(r, t) has the components
[Fgw]i = 1/2 h¨ijx
j. (3)
xj are the spatial coordinates of index j and h¨ij is the
second time derivative of the tensor hij. As usual, hij
is the spatial part of the tensor hαβ that describes a
small perturbation relatively to a flat spacetime universe
(Minkowski space). Moreover, the hij deviation from a
flat spacetime is solely attributed to GWs, for which the
effects of curvature is neglected due to the mass of the
star (e.g., Schutz 2009).
Adopting a standard procedure of normal analy-
sis (e.g., Unno et al. 1989), we choose to represent
any perturbation described by Equation (1) as a com-
bination of the eigenfunctions such that ξN(r, t) =
A(t)ξN(r) e
−iωNt, where A(t) is the instantaneous am-
plitude of the mode (Chaplin et al. 2005; Belkacem et al.
2008). In ξN(r, t) we do not show the term related with
the contribution of the temporal phase variation in the
argument of e−iωNt, as this quantity is negligible for
the formation of standing acoustic waves (Chaplin et al.
2005). Equally, the complex conjugate is also not rep-
resented as this quantity is not relevant for our anal-
ysis (Samadi & Goupil 2001). This approximation is
valid for modes for which the energy exchange between
the stellar turbulent convection and the oscillations oc-
cur in a time-scale that is much longer than the oscil-
lation period, i.e., ηN ≪ ωN as is the case of acoustic
modes. This result has been shown to be valid for current
solar and stellar acoustic oscillations. By substituting
this form of ξN(r, t) into Equation (1), multiplying both
members by ξ∗N (the complex conjugate of ξN
8), inte-
grating this equation for the total mass of the star and
keeping only the leading terms, the equation reduces to
d2A
dt2
+ 2ηN
dA
dt
+ω2NA = Sconv(t) + δ
l
2 Sgw(t), (4)
where δl2 is the Kronecker tensor. Wave motion is a com-
plex process with many second order terms. Fortunately,
these are very small when comparing with the leading
7 Einstein notation. The Greek and Latin indices describe the
coordinates in the spacetime manifold (0, 1, 2, 3) and spatial coor-
dinates (1, 2, 3).
8 If not stated otherwise, throughout the remainder of article
ξN will always refer to ξN(r).
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Fig. 1.—Modulus χn coefficients for acoustic quadrupole (l = 2)
modes of radial order n, from 0 up to 18. The values of the χn
coefficients were computed for the current SSM. The numerical
values are shown in Table 1.
terms, Sconv(t) or Sgw(t). Accordingly, the amplitudes
of acoustic oscillations correspond to the solution of a
damping harmonic oscillator as described by the previ-
ous equation. A detailed account about the nature of the
second order terms neglected in this computation can be
found in Chaplin et al. (2005).
Sconv and Sgw are respectively the excitation source
terms related to turbulent convection and GWs. Sgw
reads
Sgw(t) =
1
I
∫R
0
Fgw · ξ∗N ρr2dr, (5)
where R is the radius of the star and I is the mode inertia.
I is an arbitrary constant which we choose to be equal to
the mode of inertia, as is usually done in the theory of
stellar oscillations (e.g., Aerts et al. 2010). I is given by
I = 4pi
∫R
0
ξN · ξ∗N ρr2dr. (6)
It is convenient to introduce MN, the so-called modal
mass; thus MN = I/ζ, where ζ ≡ ξ2r,N(R) + 6ξ2h,N(R).
In the eventuality of such a star having been perturbed
by a passing GW, the response will be somehow identi-
cal to a tidal perturbation produced by a nearby object
on the stellar modes. Following from the specific prop-
erties of gravitational systems as demonstrated in gen-
eral relativity (Maggiore 2008), GW perturbations only
have modes with l > 2. For convenience, we opt to
study the leading order of the GW perturbation, i.e., the
quadrupole modes (l = 2). This is the reason why we
have introduced δl2 in Equation (4).
Equation (5) can be written in a more convenient form
by using Equations (3) and (6) for which Sgw(t) reads
Sgw(t) = Ln h¨m(t) (7)
where Ln is the effective length that measures the sensi-
tivity of a mode of order n to a GW perturbation and hm
are the spherical components of hij for which the m (az-
imuthal order) take one of the following integer values:
TABLE 1
Quadrupole Acoustic Modes (l = 2)
Observational Data and Standard Solar Model
n Freq. [obs] a Freq. [th] χn |Ln| Vs,gw
(µHz) (µHz) (cm) (cm s−1).
×10−4 ×107 ×h−2010−6
f − 347.10 −6.7432 2.347 0.1884
p1 − 382.26 −11.038 3.841 0.2673
p2 − 514.48 +2.1193 0.737 0.0169
p3 − 664.06 −0.6286 0.219 0.0018
p4 − 811.33 +0.2133 0.074 0.0003
×10−6 ×105 ×h−2010−10
p5 − 959.23 −8.2377 2.867 0.4484
p6 − 1104.28 +3.4804 1.211 0.0932
p7 − 1249.78 −1.5051 0.524 0.0201
p8 1394.68± 0.01 1393.68 +0.6836 0.238 0.0045
p9 1535.865± 0.006 1535.08 −0.3109 0.108 0.0008
×10−8 ×104 ×h−2010−15
p10 1674.534± 0.013 1673.80 +14.946 1.082 22.670
p11 1810.349± 0.015 1809.40 −7.8242 0.520 7.7200
p12 1945.800± 0.02 1944.90 +4.3862 0.272 3.1720
p13 2082.150± 0.02 2081.10 −2.5981 0.153 0.1413
p14 2217.69± 0.03 2217.00 +1.5564 0.054 0.7951
p15 2352.29± 0.03 2352.30 −0.9562 0.033 0.4891
p16 2485.86± 0.03 2486.60 +0.6204 0.022 0.3085
p17 2619.64± 0.04 2621.20 −0.4180 0.014 0.1851
p18 2754.39± 0.04 2756.90 +0.2908 0.010 0.1275
aThe observational frequency table is obtained from a compilation
made by Turck-Chieze & Lopes (2012), after the observations of
Bertello et al. (2000); Garcia et al. (2001); Turck-Chieze et al.
(2004); Jimenez & Garcia (2009). The strain h−20 take values of
1 to 103.
−2,−1, 0, 1, 2. Ln is given by
Ln = 1/2 R χn (8)
where R is the radius of the star and χn is the coefficient
that determines the efficiency of a mode of order n to be
excited by GWs. χn reads
χn =
3
4piρ¯⋆
∫1
0
ρ(r) [ξr,n2(z) + 3ξh,n2(z)] r
3dr. (9)
In the computation of Equation (7), as is usually done,
we arbitrarily normalized the eigenfunctions to the av-
erage density of the star ρ¯⋆, such that I ≡ (4pi/3)R3ρ¯⋆.
In the case of the Sun, ρ¯⋆ is approximately 1.4 g cm
−3.
Thus, Equation (9) is identical to others found in the lit-
erature, as by Boughn & Kuhn (1984) and more recently
by Siegel & Roth (2011), χn differ among these works
only by the arbitrary normalization condition. Neverthe-
less, this theoretical model is developed in a similar man-
ner to the one used for resonant mass detectors. Thus,
Equation (4), in which the Sconv(t) is neglected and ρ¯⋆
is considered constant, becomes equivalent to the one
found for a spherical resonant-mass detector (e.g., Mag-
giore 2008). This is the motivation for us to choose a
normalization for χn that is identical to the one done for
GW resonant-mass detectors.
Figure 1 and Table 1 show the χn coefficients com-
puted for the standard solar model (SSM: Turck-Chieze
& Lopes 1993) with a stellar structure in very good agree-
ment with helioseismology data. The difference between
theoretical and observational frequencies is smaller than
0.1% (cf. Table 1). This solar model was computed using
a modified version of the Cesam code (Morel 1997) for
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Fig. 2.— Damping rates as a function of the frequency for the
Sun. The magenta, cyan and blue dots corresponds to the mea-
surements made by Baudin et al. (2005), Chaplin et al. (1997),
and Libbrecht (1988), and the green and yellow dots correspond to
the theoretical predictions (Houdek et al. 1999; Houdek & Gough
2002; Belkacem et al. 2009). The yellow dots corresponds to a
”comparison” theoretical model for which the damping rate is con-
sidered constant for ν 6 1.0mHz. The agreement between the
theory and observation is very good for the high frequencies, but
for the lower frequencies no observational data is available, and
there are only a few theoretical predications. The green and yellow
dots correspond to the values adopted for calculation of the GW
transfer function (cf. Figure 3).
which the microphysics was updated. In particular, we
have computed the so-called low-Z SSM (Haxton et al.
2013) for which the solar composition used corresponds
to the one determined by Asplund et al. (2009). The
Cesam nuclear physics network uses the fusion cross-
sections recommended for the Sun by Adelberger et al.
(2011) with the most recent coefficients. A detailed dis-
cussion about the physics of the current SSM can be
found in the recent literature (e.g., Lopes & Silk 2013).
The values of |χn| in the Sun decrease with n (cf. Ta-
ble 1), a behavior identical to the one found for a reso-
nance sphere of constant density.9 However, in the solar
case, χn is two orders of magnitude smaller. This dif-
ference is related to the fact that the solar density de-
creases rapidly toward the Sun’s surface and eigenfunc-
tions of acoustic modes are more sensitive to the exter-
nal layers of the star. For instance, the largest of the
χn coefficients, χ1 has a value of −0.0011 for the Sun
and −0.328 in the case of a resonant sphere (Maggiore
2008). Moreover, |Ln| takes values from 10
7 cm (n = 0)
to 100 cm (n = 18). Solar low order modes have much
larger values than the equivalent ones found in an experi-
mental detector. A similar quantity to χn was computed
by Boughn & Kuhn (1984) and by Siegel & Roth (2011).
Unfortunately the comparison of χn for these models or
a resonant-mass detector of constant mass as described
by Maggiore (2008) is not trivial to make. Nevertheless,
χn varies in similar way to the χn factor found by Siegel
& Roth (2011), in both cases these terms decrease as n
increases and by identical orders of magnitude.
9 Note that in the case of a sphere of constant density, χn de-
pends only on the geometry of the star by means of the eigenfunc-
tions (cf. Equation (9)).
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Fig. 3.— Square of the transfer function T2gw(ωN) for the
acoustic quadrupole modes of different radial order. All the acous-
tic modes show a clear well-defined Lorentz profile. However,
the low order modes have a larger FWHM (full width at half-
maximum) than the high order modes. The red curve corresponds
to the square transfer function of the combined quadrupole acous-
tic modes spectrum (yellow dots in Figure 2). The blue, green,
magenta and cyan curves correspond to T2gw(ωN) for acoustic
quadrupole modes of order n = 0, 1, 2 and 3.
3. EXCITATION OF STELLAR MODES BY
GRAVITATIONAL WAVES
By taking the Fourier transform of Equation (4) and
neglecting transient terms arising from the initial condi-
tions on A, we obtain for the averaged power spectrum
PN(= 〈|A˜2|〉):
PN(ω) =
Pconv(ω) + δ
l
2 Pgw(ω)
(ω2 −ω2N)
2 + 4η2Nω
2
(10)
where Pconv(ω) = 〈|S˜2conv|〉 and Pgw(ω) = 〈|S˜2gw |〉 are the
average power spectrum due to forcing caused by turbu-
lent convection and gravitational waves. f˜(ω) denotes
the Fourier transform of f(t). This previous result is ob-
tained under the approximation that the damping rate is
always much smaller than the frequency, i.e., |ηN| ≪ ω,
as it is the case with acoustic oscillations of the Sun and
Sun-like stars. In the derivation of the previous result,
Pconv(ω) and Pgw(ω) are assumed to vary slowly with
ωN.
The power spectrum generated by stochastic excita-
tion Pconv(ω) is known to be caused by turbulent con-
vection in the upper layers of the Sun and Sun-like stars
just beneath the stellar photosphere (e.g., Belkacem et al.
2008). This term represents the random spectrum due to
the turbulent convection: if the temporal series is very
long, the Lorentzian profile of each acoustic mode be-
comes visible due to the systematic beating of the mode
by a random process of excitation (Kosovichev 1995). In
the following, we compute the GW contribution to the
power spectrum, i.e., PN,gw(ω). From Equations (7) and
(10), PN,gw(ω) reads
PN,gw(ω) = T
2
N,gw(ω) Pm(ω) (11)
where TN,gw(ω) is the transfer function of mode N and
Pm(ω) the power spectrum of the GW source. The for-
5mer depends uniquely on the properties of the star, and
the latter on the source of GWs. T2N,gw(ω) reads
T2N,gw(ω) =
L2n ω
4
(ω2 −ω2N)
2 + 4η2Nω
2
. (12)
The power spectrum of the GW source Pm(ω) is com-
puted as Pm(ω) = |h˜m|
2. In the Sun, the propagation
of forward and backward traveling waves originating in
the internal differential rotation leads to the generation
of acoustic modes of different m. The frequency of these
m-modes (fix l and n) differs only by a few µHz (Howe
2009). The solar magnetic field produces a similar effect
leading to frequency differences of tens of nHz (Antia
2002). Thus, for convenience, we will consider that hm
and Pm are fiducial values(for l = 2 and n fixed). This
approximation is well justified as the different hm values
mainly give us information about the direction of the
GW source in the sky in relation to the star (Maggiore
2008).
In the following, we compute the rms surface velocity
VN(ωN) of the N mode, which is measured at a specific
layer of the surface of the star (e.g., Samadi et al. 2001;
Chaplin et al. 2005). Thus, the energy absorbed by a
mode with a velocity ξ˙N subject to a force Fgw(t) =
MNLnh¨m (Equation (4)), averaged over several cycles,
reads
dEabs
dt
≡ 〈Fgw(t)ξ˙N〉 = MNh2oω2ηNT2N,gw(ω). (13)
In this calculation, we consider that the gravitational
wave source is monochromatic, hm = hoℜ[e
−iωt], where
ho = 10
−17h−17 is the strain sensitivity amplitude. In
an experimental detector, ho is computed from the strain
spectral amplitude hf = ho
√
T , where T is the observa-
tion time for a GW source that evolves slowly with time
(source approximately monochromatic), or the charac-
teristic width in the case of a short-lived GW burst. In
the case where ω ∼ ωN, Equation (13) approaches the
result dEabs/dt = 2ηNE, where E is the energy of the
mode. Therefore, the square of the surface rms velocity,
V2N(ω) ≡ ζ/(2ηNI) dEabs/dt10 when excited by a GW
source, reads
V2N,gw(ω) =
1/2 γs h
2
o L
2
n ω
6
(ω2 −ω2N)
2 + 4η2Nω
2
(14)
where γs is an additional parameter (dimensionless and
of the order of unity), which relates to the surface layer
where the velocity measurement is made.
The oscillation quantities, such as the acoustic eigen-
functions, strongly depend on the solar surface structure,
especially the stellar atmosphere. Hence, to test the
quality of our solar oscillation model, we computed the
normalized inertia Enl (with l = 2) for the quadrupole
acoustics modes, which are very sensitive to the surface
of the star. We found that En2 varies from 5.8 × 10−4
for n = 0 to 1.0× 10−9 for n = 18, these values are con-
sistent with the results found in the literature (Provost
10 In the particular case of VN to be evaluated at ω = ωN,
this definition is equivalent to the one found in the literature (e.g.,
Samadi et al. 2001; Chaplin et al. 2005).
et al. 2000). In the case that ω = ωN, Equation (14)
reduces to
V2N,gw(ωN) = γs
h2oR
2χ2nω
4
N
32η2N
. (15)
4. DISCUSSION
In the Sun, as in any spherical resonant-mass detector,
the excitation of eigenmodes by an external GW source
strongly depends of the internal structure of the star,
and in particular on how these modes are damping in
the stellar upper layers. As shown in Equation (14), ηN
is the leading coefficient that determines the capacity of
solar acoustic oscillations to absorb GWs. Although ηN
is determined with precision from solar oscillations in the
high frequency range of the acoustic spectrum (above
1.5 mHz), this is not the case in the lower frequency
range. In this region of the spectrum, we only have a
few theoretical predictions.
Figure 2 shows the damping rates obtained by differ-
ent observational groups: Libbrecht (1988); Chaplin et al.
(1997); Baudin et al. (2005); Garcia et al. (2011), as well
as the theoretical predictions of Houdek et al. (1999);
Grigahce`ne et al. (2005); Belkacem et al. (2009, 2012,
2013). The damping rate increases in a nonlinear way
with the frequency of the modes, mostly due to the fact
that ηN is strongly dependent on the properties of the
convection and the microphysics of the upper layers of
the star (e.g. Lopes & Gough 2001; Brito & Lopes 2014).
The current predictions of ηN agree well with observa-
tions for modes with ν > 1.5mHz. Unfortunately, for
modes in the lower frequency range, observational data
is non-existent, and there are only a few theoretical pre-
dictions (Houdek et al. 1999; Belkacem et al. 2009). Es-
timating of the damping rate for low frequencies is very
difficult.
We note that Equation (4) that describes the ampli-
tude of acoustic oscillations was obtained from the wave
Equation (1), which is a good approximation for most of
the acoustic oscillations (Chaplin et al. 2005). Moreover,
even for such low values of ηN the steady state solution
is reached, even if it is not strictly the case for a pure
harmonic damped oscillator (e.g., Rathore et al. 2004;
McKernan et al. 2014). Actually, an ηN of ∼ 10
−2µHz is
currently observed for global low degree modes (Chap-
lin et al. 1997; Baudin et al. 2005). In particular, in
the case of the Sun, the damping rates of all radial low
order (n > 1 or ν > 250µHz) have been successfully
measured (e.g., Turck-Chieze & Lopes 2012). As acous-
tic modes with similar frequencies are equally damped
in the convection zone, the damping rates of quadrupole
modes can be estimated from the same quantities mea-
sured from radial modes.
This is due to the fact that hydrodynamic simulations
of turbulent convection in stars are not able to accurately
reproduce stellar convection. As a consequence, the pre-
diction of damping and excitation of low order modes,
including the damping of quadrupole acoustic modes, is
not fully reliable. For future use, in Figure 2 we show a
”comparison” model in which ηN is almost constant for
ν 6 1mHz, and the damping rate of low order modes is
assumed to be identical to the ηN value for ν ∼ 1mHz.
The motivation for representing this ”comparison” the-
oretical model is to show the importance of ηN in the
6detection of GW events. In particular, the value of ηN
for low values of ν has a major impact on the transfer
function.
Figure 3 shows T2N,gw(ω) for the acoustic quadrupole
modes. The quality of T2N,gw(ω) for each mode can be
measured by the quality factor QN ≡ ωN/(2ηN). In the
Sun, QN varies from 10
8 to 104 running from n = 0 un-
til n = 18. In particular, the QN of low order modes is
higher than the value found for the most advanced res-
onant spherical detectors (∼ 106 − 107, Gottardi 2007).
This high quality factor is the reason why the Lorentz
profile is almost δ-function-like, as needed for an ideal
GW detector (cf. Figure 3). T2N,gw(ω) also depends on
the value of χn (cf. Table 1). T
2
N,gw(ω) decreases with in-
creasing n. This is also found in the case of a sphere with
constant density, nevertheless, the variation of T2N,gw(ω)
with n is more pronounced due to the fact that unlike in
a detector, the density inside the Sun is not constant.
In the Sun, acoustic oscillations of low order are driven
by stochastic turbulent convection, which leads to a well-
defined value of the rms velocity at the solar surface for
each mode. In the case with quadrupole modes, as shown
in the previous section, the rms velocity also has an ad-
ditional GW component as predicted by Equation (14).
Figure 4 shows the predicted VN,gw(ω), assumed to be
excited by a GW source with a fiducial strain amplitude
of h−20 = 1. Equation (14) defines the profile of the
GW-excited mode profile, and Equation (15) defines the
value of V2Nω at the acoustic frequency mode. VN,gw(ω)
shows a δ-function-like profile as already found in the
T2N,gw(ω) (cf. Figure 4).
Siegel & Roth (2011) have obtained an expression
for the rms velocity amplitude similar to Equation
(15) using a different formulation for the excitation of
quadrupole modes by gravitational waves. Our predic-
tions of VN,gw(ω) for the lower order acoustic modes
(n 6 5) for which we consider that ηN ∼ 10
−3 µHz and
h−20 = 1 are identical to the predictions of Siegel & Roth
(2011). Nevertheless, we notice that for the lower order
acoustic modes the theoretical predictions of damping
rates decrease with decreasing n (0 6 n 6 4), from 10−3
to 10−6 µHz (Cf. Figure 2), for which VN,gw(ω) varies
from 10−9 to 10−6 cm s−1 (Cf. Figure 4).
If ηN has values of the order of 10
−6 µHz or 10−3 µHz
as predicted by some theoretical damping oscillation
models (cf. Figure 2), GW events with h−20 lead
to VN,gw(ω) with 10
−9 cms−1 (comparison model) or
10−6 cms−1 (theoretical model). In the case of an occur-
rence of GW events with h−20 ∼ 10
3, VN,gw(ω) will have
values of the order of 10−6 cms−1 or 10−3 cms−1. This
latter result is relatively near the current helioseismology
measurements.
In principle, it should be possible to separate the
quadrupole excitation by gravitational waves from the
excitation by convection. Current observational data of
helio- and asteroseismology allows us to determine in
great detail the properties of damping and excitation of
acoustic oscillations by the turbulent motions in the stel-
lar upper layers (e.g., Lopes & Gough 2001). In partic-
ular, the accurate measurement of frequencies, damping
rates and the maximum rms surface velocities of global
500 1000 1500 2000 2500 3000
10−15
10−10
10−5
 ω/2pi (µHz)
 
V N
,g
w
 
(ω
N
) (
cm
 s−
1 ) 
 
Fig. 4.— Velocity power spectrum of the quadrupole modes
of different orders exited by an external GW source excited by a
fiducial strain of h−20 = 1: the peaks occurs at the location of
eigenfrequencies νnl corresponding to the different acoustic eigen-
modes of the Sun (cf. Table 1). The red curve corresponds to
the combined power spectrum (Equation (14)). The blue, green,
magenta and cyan curves correspond to the power spectrum of the
acoustic eigenmodes of order n = 0, 1, 2 and 3. The green and yel-
low dots (Equation (15)) correspond to the two sets of theoretical
ηN values shown in Figure 3.
acoustic modes (modes with l 6 4) can be used to sep-
arate the GW excitation of quadrupole modes from the
excitation and damping due to the turbulent convection.
This is possible because it has been shown both theoret-
ically and observationally that the excitation and damp-
ing of global acoustic modes by convection (including
quadruple l = 2) depends only on the frequency of the
mode (and is independent of the degree of the mode). As
all the low degree modes are equally excited by convec-
tion, if a low order quadrupole is stimulated by a GW
source, it will show an unique pattern in the pulsation
spectrum, quite distinct from the other global acoustic
modes (like radial, dipole and octopoles) with identical
frequencies. This should be a strong hint of excitation of
quadrupole modes by a GW source.
5. SUMMARY AND CONCLUSION
In this article, we calculated the excitation of acoustic
quadrupole modes by GW in a star like the Sun by using
a formulation identical to that used for the computation
of eigenmodes in resonant-mass detectors. In this work,
we have use realistic theoretical predictions of damping
rates for acoustic modes of low order which have been
validated at high frequencies.
In particular, we find that the low-order modes in the
Sun have a quality factor an order of magnitude higher
than those found in resonant-mass detectors. Moreover,
the sensitivity of acoustic modes to GW perturbations
is regulated by an effective length as in an experimental
bar/sphere detector which in the Sun takes values be-
tween 107 cm and 10 cm. This large variation in the
value of the effective length is related to the fact that
in stars, the eigenfunctions of acoustic modes (increasing
with the order of the mode) are mostly sensitive to the
stellar envelope and less sensitive to the stellar core.
The helioseismological acoustic wave frequencies over-
lap with the gravitational radiation frequency range
7that will be probed by eLISA (Amaro-Seoane et al.
2013). One of the targets of eLISA will be nearby ul-
tracompact binaries. The sensitivity hf of eLISA will
be only 10−18(Hz)−1/2 at 0.001 Hz, and a factor of
10 worse at 0.0003 Hz. The brightest nearby binaries
have predicted strain spectral amplitudes in the range
(3.10−18 − 3.10−17)(Hz)−1/2 over frequencies 0.01Hz to
0.001Hz.The strongest binaries over two years of obser-
vation are predicted to have hf ∼ 10
−17(Hz)−1/2 (or
ho ∼ 10
−20) and frequencies as low as 0.0003Hz. The he-
lioseismological modes are excited over 300-3000 µHz and
could be up to a factor 100 more sensitive than eLISA.11
Presently, the main caveat in this model is the damping
rate, which in the case with modes with high frequencies
is well determined (ν > 1.5mHz) from observations, but
in the case with modes with low frequencies the damping
rates are theoretical. Accordingly, with present damping
rate estimates, we predict an rms square velocity on the
solar surface of the order of (10−1– 1)h−20 cm s
−1 for an
GW event with a strain amplitude of 10−20h−20. Some
of these values are near the current rms surface velocity
amplitudes measured in the Sun’s surface.
In principle, as in experimental detectors, the mea-
surement of the maximum amplitude of rms velocity of
quadrupole eigenmodes excited by GW periodic or ran-
dom events is very difficult. Nevertheless, this difficulty
could be in part be overcome by taking advantage of
several aspects that are unique to stars: (1) stars (due
to their very large masses) have a very high GW inte-
grated cross-section; (2) a large number of stars of dif-
ferent masses have been found (presently more than 500)
to oscillate in a manner identical to the Sun; (3) stellar
seismology instruments are recording very long time se-
ries of seismic data, in some cases spanning over several
years, and in the case of the Sun more than two decades;
(4) the possibility of looking simultaneously for the same
single or periodic GW event in distinct stars (as GWs
propagates between stars at the speed of light); and (5)
the possibility of using radial and dipole acoustic modes
to isolate the GW signal in the quadrupole mode, as
the excitation and damping of acoustic modes depends
uniquely on the frequency. In particular, oscillating stars
can provide a unique way to look for contemporaneous
quadrupole mode excitations in different stars by a single
GW event. As the distances between many of these stars
are relatively small, as in the case of stellar clusters, this
can be used advantageously to look for the same GW
imprint on quadrupole modes of different stars. In these
cases, the time-lag between the excitation of quadrupole
modes of two distinct stars can be determined accurately
from the locations of the stars and the speed of propa-
gation of the GWs.
Although the challenges are great, the discovery of GW
via stellar acoustic oscillations by the current set-up of
experiments on Earth and/or in space is such an excep-
tional outcome that all the effort toward accomplishing
this goal is well worth the investment.
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